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0. Introduction
In 1970 S. Kobayashi [21] posed the following problem: Is it true that the com-
plement of a generic hypersurface of degree ≥ ( ) in P
C
is hyperbolic for some
number ( )? Is this true for ( ) = 2 + 1? Later Green [15] for = 2 and Zaiden-
berg [35] for arbitrary proved that for ≤ 2 such complements contain C⋆ and so
are not hyperbolic.
In this paper we study the case of complements of smooth curves in P2
C
where,
for ≥ 4 this problem is equivalent to the nonexistence of nonconstant entire curves
by Brody Reparametrization Lemma [4]. When the curve has many components, this
problem had been studied by many authors, see [12, 13] for a complete bibliography
and the study of the case of three components (see also the recent work [2]). In the
smooth case, the first example of hyperbolic complement was constructed by Azukawa
and Suzuki in [1] (for even degree ≥ 30), then Zaidenberg in [36] showed that ex-
amples exist for all ≥ 5.
The first positive answer to this problem (for = 2) was given in the work of Siu
and Yeung [32] though the bound they obtain is quite high. Their method is rather
involved and consists of an explicit construction of special second order differential
operators on an associated surface in P3
C
ramified over P2
C
. This was done by an im-
itation of the construction of holomorphic 1-forms on Riemann surfaces and a clever
reduction of the problem to a resolution of linear systems. Those operators are such
that their pullbacks by the lifting of every entire curve must vanishes identically. This
follows from an Ahlfors-Schwarz type result.
In [10], after studying the compact analogue of the above conjecture and proving
that a generic suface of degree ≥ 21 in P3
C
is hyperbolic, Demailly and the au-
thor, using the same covering trick, obtained the bound 21 also for complementary of
curves in P2
C
(see also [25]). This is made by using the whole force of Demailly’s jet
bundles introduced in [8] and a result of McQuillan on holomorphic foliations [24].
In this paper, we obtain the bound 15 for the complement of a very generic curve
of degree in P2
C
. Here, the terminology “very generic” refers to complements of
countable unions of proper algebraic subsets of the parameter space. Our main theo-
rem is the following
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Main Theorem. The complement of a very generic curve in P2
C
is hyperbolic
and hyperbolically imbedded for all degrees ≥ 15.
We follow almost the same strategy as in [10] with the difference that we use
an analogous logarithmic package introduced in [11], which introduces some addi-
tionnal technical complications. Dethloff and Lu’s jet bundles are a compactification a`
la Demailly of Noguchi’s logarithmic jet bundles introduced in [29]. Using Riemann-
Roch and a refined study of the base loci associated to those jet bundles, we reduce
the problem to the study of holomorphic foliations on log-general type surfaces. We
prove that such foliations do not admit a parabolic Zariski-dense leaf. We generalize,
in particular, McQuillan’s result [24] on Green-Griffiths conjecture to log-general type
surfaces with 21 > 2 This logarithmic point of view permits the observation that
McQuillan’s refined tautological inequlity is actually an easy consequence of a loga-
rithmic tautological inequality obtained by [34] and proved in the same way as the
simple non-logarithmic one (see also [7]).
The paper is organized as follows: In Section 1 we first recall the main definitions
and results in [11]. Then we introduce the 2-jet threshold of a log-general type surface
( ). We consider the case when the Picard group is Z and we construct, with some
conditions on log-Chern classes and the 2-jet threshold, a ramified cover ˜ on such
that every entire curve in the complement \ could be lifted as a leaf of a holomor-
phic foliation on ˜ (in this paper, we always identify a map from C and its image).
The last part of this section is devoted to estimating the 2-jet threshold in the case of
(P2
C
) where a generic smooth plane curve.
In Section 2 we study foliations on log-general type surfaces as in [24]. The
method we adopt is paralell to Brunella’s work [6]. We obtain that these foliations do
not have a Zariski dense parbolic leaf.
The author would like to thank warmly Professors Marco Brunella, Jean-Pierre
Demailly and Gerd Dethloff for interesting remarks and suggestions.
1. Logarithmic Demailly jet bundles
1.1. Background material. Here we will consider a logarithmic generalization
of Demailly’s invariant jets introduced in [8], this is done by Dethloff and Lu in [11].
Let be an -dimensional complex manifold with a normal crossing divisor .
According to Iitaka [20], the logarithmic cotangent sheaf ⋆ = ⋆(log ) is defined
to be the locally free sheaf locally generated by ⋆ and the logarithmic differentials
/ , where = 0 is a local equation for the -th local irreducible components of
. Its dual the logarithmic tangent sheaf is the sheaf of germs of vector fields tangent
to , denoted by = (− log ).
Recall from [17] that the -jet bundle is defined as the set of equivalence
classes of holomorphic maps : (C 0) → ( ), with the equivalence relation ∼
if and only if they have the same Taylor expansions of order in some local
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coordinate system of near We denote the equivalence class of by ( ).
In [29], Noguchi generalized this object to the logarithmic situation as follows. Let
ω ∈ 0( ⋆) be a holomorphic section over an open subset ⊂ . For a germ
of a holomorphic map in we put ⋆ω = ( ) . Then we have a well defined
holomorphic mapping
ω˜ : | → C ; ( ) → ( ( )(0))0≤ ≤ −1
Now we say that a holomorphic section ∈ 0( ) is a logarithmic -jet field
if the map ω˜ ◦ | : → C is holomorphic for all ω ∈ 0( ⋆ ) and for all open
subset of . The set of logarithmic -jet fields over open subsets of defines a
subsheaf of called the logarithmic -jet bundle of ( ), which we denote by
, and this subsheaf is the sheaf of sections of a holomorphic fibre bundle.
In [11], Dethloff and Lu constructed a more geometrically relevent −jet bundles
(in the same way as done in [8] for the non-logarithmic case) by considering a suitable
“quotient” of this bundle by the action of the group G containing all germs of
-jets biholomorphisms of (C 0), that is, the group of germs of biholomorphic maps
7→ ϕ( ) = 1 + 2 2 + · · · + 1 ∈ C⋆ ∈ C ≥ 2
As a generalization of Demailly’s directed jets to the logarithmic context, Dethloff and
Lu defined a log-directed manifold to be the triple ( ) where is a holomor-
phic subbundle of of rank . To the log-directed manifold ( ), one asso-
ciates inductively a sequence of directed manifolds ( ) as follows. Starting
with ( 0 0 0) = ( ), one puts inductively = ( −1) with its natural
projection π to −1 (where ( ) stands for the projectivized bundle of lines in the
vector bundle ), where = π⋆( −1) and is the subbundle of (− log )
defined at any point ( [ ]) ∈ , ∈ −1 , by
( [ ]) =
{
ξ ∈ ( [ ])(− log ) ; (π )⋆ξ ∈ C ·
}
with C · ⊂ −1 ⊂
−1
(− log −1)
We denote by O (−1) the tautological line subbundle of π⋆ −1, such that
O (−1)( [ ]) = C ·
for all ( [ ]) ∈ = ( −1). By definition, the bundle fits in an exact sequence
0 −→ / −1 −→
π ⋆−→ O (−1) −→ 0
and the Euler exact sequence of / −1 yields
0 −→ O −→ π⋆ −1 ⊗O (1) −→ / −1 −→ 0
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From these sequences, we infer
rank = rank −1 = · · · = rank = dim = + ( − 1)
We let
π = π +1 ◦ · · · ◦ π −1 ◦ π : −→
be the natural projection.
The canonical injection O (−1) → π⋆ −1 and the exact sequence
0 −→
−1/ −2
−→ −1 (π −1)⋆−→ O
−1
(−1) −→ 0
yield a canonical line bundle morphism
O (−1) (π −2)
⋆◦(π −1)⋆−→ π⋆ O
−1
(−1)
which admits precisely the hyperplane section := (
−1/ −2
) ⊂ = ( −1)
as its zero divisor. Hence we find O (−1) = π⋆ O
−1
(−1) ⊗ O(− ) and using the
notation O ( 1 2) := π⋆O
−1
( 1)⊗O ( 2),
O (−1 1) ≃ O( )
is associated with an effective divisor in .
For simplicity let us consider the case = and let : → \ be a non-
constant trajectory tangent to . Then lifts to a well defined and unique trajectory
[ ] : → \ of tangent to . Moreover, the derivative ′[ −1] gives rise to
a section
′
[ −1] : → ⋆[ ]O (−1)
With any section σ of O ( ), ≥ 0, on any open set π−10 ( ), ⊂ \ , we can
associate a holomorphic differential operator of order acting on -jets of germs
of curves : (C 0) → tangent to , by putting
( )( ) = σ( [ ]( )) · ′[ −1]( )⊗ ∈ C
From [8], this correspondence is, in fact, bijective. To see what happen with logarith-
mic jets recall the following characterization of log-jet differentials in [11]:
Proposition 1.1.1 ([11]). A holomorphic function on | on some con-
nected open subset ⊂ which satisfies
( ( ◦ φ)) = φ′(0) ( ( )) ∀ ( ) ∈ | and ∀φ ∈ Gk(∗)
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over some open subset of \ defines a holomorphic section of O ( ) over
and vice versa.
From the definition of , one can deduce that the -th derivative of the functin
log ( ) is holomorphic on over the -th local component of where is de-
fined. Using this, and the fact that holomorphic functions satisfying (∗) for all φ ∈
C⋆ ⊂ G are homogenous polynomials of degree , we obtain
Proposition 1.1.2. The direct image (π 0)⋆O ( ) coincides with the sheaf
O( ⋆ ) of degree logarithmic jet differentials, that is, the locally free sheaf
locally generated by all polynomial operators in the derivatives of order 1, 2 . . .
of and of the log ( )′ invariant under arbitrary reparametrization: a germ of op-
erator ∈ 0( ⋆ ) is given by a holomorphic function on | charac-
terized by the condition that, for every germ in \ and every germ ϕ of -jet
biolomorphisms of (C 0),
( ◦ ϕ) = ϕ′ ( ) ◦ ϕ
A basic result from [11] relying on the Ahlfors-Schwarz lemma, is the following,
for the 1-jet case see [28] and [23].
Theorem 1.1.3 ([11]). If ( ) has a -jet metric (i.e. a singular metric in
the sens of Demailly on O (−1)) with negative curvature (along ), then every en-
tire curve : C → \ is such that [ ](C) ⊂ , where denotes the singular
set of .
An important case where the previous theorem applies is when there are some in-
tegers , > 0 and an ample line bundle on such that
0( O ( )⊗ (π 0)⋆ −1) ≃ 0( ⋆ ⊗ −1)
has nonzero sections σ1 . . . σ . Then, we can construct a -metric of negative curva-
ture, singular on their base locus ⊂ .
By definition, a line bundle is big if there exists an ample divisor on such
that ⊗ ⊗O(− ) admits a nontrivial global section when is large (then there are
lot of sections, namely 0( ⊗ ⊗ O(− )) ≫ with = dim ).
As a consequence, Theorem 1.1.3 can be applied when O (1) is big or its re-
striction on some subvariety is big (see Theorem 4.3 in [11]).
In view of studying the degeneration of entire curve drawn on a variety of log-
general type and of Theorem 1.1.3, it is especially interesting to compute the stable
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base loci of the global sections of log-jet differentials, that is, the intersections
:=
⋂
>0
⊂
of the base loci of all line bundles O ( )⊗π⋆ 0O(− ), where the intersections
are in fact independent of the ample divisor over . We call the -th tautologi-
cal stable base locus.
REMARK 1.1.4. The 1-jet case was studied in [23]. Using Riemann-Roch [19],
we prove that if ( ) is a nonsingular surface of log-general type with logarithmic
Chern classes 21 > 2 then there is a lot of log-symmetric differentials, i.e. sections in
1
⋆
=
⋆
, and the base locus 1 is 2-dimentionnal. Unfortunately, the “order 1”
techniques are insufficient to deal with complement of smooth curve of degree in
P2, because in this case
2
1 = ( − 3)2 < 2 = ( 2 − 3 + 3)
Lemma 1.4.1 below shows in fact that 0( ⋆ ) = 0 for all > 0.
1.2. Base locus of logarithmic 2-jet differentials. From now on, we suppose
that ( ) is a nonsingular minimal surface of log-general type (i.e. with := ⊗
O( ) big and nef) and we study the base locus 2 in 2. As in the non-logarithmic
case, the bundle of log-jet differentials of order 2 has the following filtration
Gr• 2
⋆
=
⊕
0≤ ≤ /3
−3 ⋆ ⊗ ⊗
This filtration consists of writing an invariant polynomial log-differential operator out-
side as
( ) =
∑
0≤ ≤ /3
∑
α∈N2 |α|= −3
α ( ) ( ′)α( ′ ∧ ′′)
where
= ( 1 2) ( ′)α = ( ′1 )α1( ′2 )α2 ′ ∧ ′′ = ′1 ′′2 − ′′1 ′2
On a component of , say 1, given in local coordinate by 1 = 0 we replace only
1 by log 1 in this expression. A calculation based on the above filtration of 2
⋆
and Riemann-Roch yields
χ
(
2
⋆ )
=
4
648(13
2
1 − 9 2) + ( 3)
LOGARITHMIC JETS AND HYPERBOLICITY 475
On the other hand,
2( 2 ⋆ ⊗O(− )) = 0( ⊗ 2 ⊗O( ))
by Serre duality. From the filtration above, ⊗ ( 2 )⊗ O( ) admits a filtration
with graded pieces
−3 ⊗ ⊗− ⊗ ⊗O( )
Recall now that is semi-stable (see [22] and [33]) so by Bogomolov’s vanishing
theorem [3], we have 0
( ⊗ ⊗ ) = 0, − 2 > 0. This implies that
2(
2
⋆ ⊗O(− )) = 0
for large. Consequently we get the following
Theorem 1.2.1. If ( ) is an algebraic surface of general type and an am-
ple line bundle over , then
0( 2 ⋆ ⊗O(− )) ≥
4
648(13
2
1 − 9 2)− ( 3)
In particular: If 13 21 − 9 2 > 0, then 2 6= 2.
In the special case when = P2 and = is a smooth plane curve of degree ,
we take = OP2(1). Then we have 1 = (3 − ) and 2 = ( 2 − 3 + 3) 2 where
= 1(OP2(1)), 2 = 1, thus
χ
(
2
⋆ ⊗O(− )) = (4 2 − 51 + 90) 4648 + ( 3)
A straightforward computation shows that the leading coefficient 4 2 − 51 + 90 is
positive if ≥ 11. Thus, we obtain
Corollary 1.2.2. For every smooth curve of degree ≥ 11 the associated log-
surface (P2 ) has its 2-jets base locus 2 6= 2.
REMARK 1.2.3. As a consequence of the calculus above and with the previous
condition on Chern classes, every holomorphic entire curve into \ could be
lifted in 2 and its image is contained in an irreducible component of 2. We have
to distinguish three cases
(a) π2 1( ) = 1, then is three dimensional and called horizontal, in this case the
2-jet lifting of is a leaf of a foliation by curves on . In fact the lifting of is
tangent to ∩ 2 which defines a distribution of lines on a Zariski open subset of
which is obviously integrable.
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(b) π2 0( ) = and we are not in case (a), then our curve could be lifted to 1
as a leaf of foliation by curves on the surface := π2 1( ) (defined by the distribution
∩ 1)
(c) The image of is algebraically degenerate.
The difficulty, in the case (a), is to study (singular) foliation by curves on a va-
riety of dimension bigger than two. Actually, we have no reasonable model with re-
ducible foliated singularities in this case currently (see however [26]). So the next step
is to show that with a slightly stronger condition on Chern classes, in the case of
(P2 ), we only have to consider foliations on surfaces.
1.3. Existence of the multi-foliation. Our aim now is to study the restriction
of the tautological line bundle on 2-jets on a 3-dimentionnal horizontal component
of 2. Let us first make the following useful definition (as in [10]).
DEFINITION 1.3.1. Let ( ) be a nonsingular projective variety of log-general
type. We define the -jet log-threshold θ of ( ) to be the infimum
θ = inf
>0
θ ∈ R
where θ is the smallest rational number / such that there is a non zero section
in 0( ⋆ ⊗O( )) (assuming that is an integral divisor, ∈ Q).
In the case when the Picard group equals Z we have a more clear idea about the
jet log-threshold. Recall that 2 is the effective divisor in 2 associated to O 2 (−1 1).
Then we have
Lemma 1.3.2. Let ( ) be a nonsingular surface of log-general type with
Pic( ) = Z Suppose that θ1 ≥ 0 and θ2 < 0. Then
2 ⊂ σ = ∪ 2
where is an irreducible component and σ is the set of zeros of a section σ in
0( 2 O 2 ( 0) ⊗ O( 0 )), with 0 < 0 in Z Moreover, in the case 2 = σ, we
have θ2 = 0/ 0.
Proof. As θ2 < 0 we have a nontrivial section
∈ 0( 2 ⋆ ⊗O( )) > 0 ∈ Q and < 0
Let 1 = π⋆2 1O 1 (1) and 2 = O 2 (1) then its zero divisor
= 2 + π
⋆
2 0 in Pic( 2)
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Let =
∑
be the decomposition of in irreducible components. From the
equality Pic( 2) = Pic( )⊕ Z 1 ⊕ Z 2 and the assumption Pic( ) ≃ Z, we find
∼ 1 1 + 2 2 + π⋆2 0
for suitable integers 1 2 ∈ Z and rational numbers ∈ Q. We can prove that
(see Lemma 3.3 in [10]), as is effective, we must have one of the following three
disjoint cases:
• ( 1 2 ) = (0 0) and ∈ π⋆2 0 Pic( ), > 0 ;
• ( 1 2 ) = (−1 1), then contains 2, so = 2 and = 0 ;
• 1 ≥ 2 2 ≥ 0 and := 1 + 2 > 0.
We can suppose 0/ 0 = min / then 0 is clearly negative. Now we have
2 0 6= 0 because θ1 ≥ 0 and then 0 gives a section
σ ∈ 0( 2 O 2( 0)⊗ π⋆2 0O( 0 ))
(we use the identity O
2
( 1 2) = O 2( 1 + 2) ⊗ O 2(− 1 2)). Then, by definition,
we obtain 2 ⊂ σ and we have equality if and only if is the unique irreducible
section with < 0. As / ≤ / we conclude, in this case that θ2 = 0/ 0
As a generalization to the log-case of the main theorem of [10] we have the fol-
lowing
Theorem 1.3.3. Let ( ) be a nonsingular surface of log-general type with
Pic( ) = Z Suppose that θ2 < 0 and that the log-Chern numbers of satisfy
(13 + 12 θ2) 21 > 9 2
Then every Zariski-dense holomorphic map : C → \ is a leaf of an algebraic
multi-foliation on .
Proof. If θ1 < 0, then 1 6= 1 and we conclude by a direct application of The-
orem 1.1.3. (where the foliation is defined by the intersection of 1 and the tangent
space of the irreducible component of 1 which contains the lifting of to 1-jets) so
we suppose that θ1 ≥ 0. As θ2 < 0, we have 2 6= 2 and the discussion made in
Remark 1.2.3. shows that we have to consider only the case when the lifting of to
2-jets is contained in a horizontal irreducible divisor in 2. By Lemma 1.3.2 we
have
∼ 1 1 + 2 2 + 0π⋆2 0 in Pic( 2) 0 ∈ Q 0 < 0 1 + 2 = 0
where 0/ 0 = θ2 Our aim now is to prove that the restriction of the tautological line
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bundle to is big. First, we have the following intersection equalities
4
1 = 0 31 2 = 21 − 2 21 22 = 2 1 32 = 21 − 3 2 42 = 5 2 − 21
3
1 · = 0 21 2 · = − 1 · 1 22 · = 0 32 · = 0
where is any divisor in Pic( )
Using this table, we obtain easily
(2 1 + 2)3 · = 0(13 21 − 9 2) + 12 0 21
moreover, we have 0/ 0 = θ2, and hence
(2 1 + 2)3 · = 0((13 + 12 θ2) 21 − 9 2) > 0
As in [10] Proposition 3.4., we conclude that the restriction O
2
(1)| is big. Conse-
quently, by Theorem 1.1.3, every nonconstant entire curve : C → is such that
[2](C) is contained in the base locus of O 2 ( ) ⊗ π⋆2 0O(− )| for large. This base
locus is at most 2-dimensional, and projects onto a proper algebraic subvariety
of 1. Therefore [1](C) is contained in , and the Theorem is proved.
1.4. Complement of curves in P2. In this section we will consider the case
(P2 ) where is a plane curve of degree . We will estimate the associated 2-jet
log-threshold. We start with a vanishing theorem of log-symmetric differentials (similar
of that of Sakai [30]).
Lemma 1.4.1. Let be a smooth curve of degree in P2, a nonnegative in-
teger and ∈ Z. Then
0(P2 ⋆P2 ⊗ O( )) = 0 for all ≤ min( − 1 − 3)
In particular, for ≥ 4, (P2 ) is of log-general type and we have the estimate
( − 3)θ1 ≥ min
(
1
− 2)
Proof. We consider the natural ramified covering ⊂ P3 over P2 associated to
(if is given by ( 0 1 2) = 0, then is defined by 3 = ( 0 1 2)), let be
the hyperplane section in over . Then we have an injective morphism (by taking
pullbacks)
0(P2 P2(log )( )) → 0( (log )( ))
the last group is contained in 0( ( + )) which vanishes for ≤
min( − 1 − 3) by Lemma 5.1 in [10].
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Now we have P2 = OP2( − 3), consequently, there are no nonzero sections in
0(P2 ⋆P2 ⊗ O( P2 )) unless ( − 3) ≥ min( − 2), whence the lower bound
for θ1 .
Using the above vanishing lemma we obtain a lower bound on the 2-jet log-
threshold
Lemma 1.4.2. Let is a curve of degree ≥ 4 in P2. Suppose that the 2-jet
base locus 2 associated with ( ) = (P2 ) is of the form σ = 0 ∪ 2,
where 0 an irreducible component and σ is the set of zeros of a section σ ∈
0( 2 O 2( 0)⊗O( 0 )) Then for 0 ≥ 6 we have the estimate
θ2 = θ2 0 ≥ max
(−1
0
; min
(
1
2( − 3) −
1
6
− 2
2 0( 0 − 1)( − 3) −
1
6
)
where 0 = [ 0/3].
Proof. Observe that σ can be considered as a global holomorphic section of the
bundle 2 0
⋆ ⊗ O( 0 ). By the filtration of 2 0 ⋆ , we have a short exact se-
quence
0 → 0
⋆ → 2 0
⋆ → 2 0−3
⋆ ⊗ O( ) → 0
Multiply all terms by O( 0 ) and consider the associated sequence in cohomology.
As 0 < 0 and by Lemma 1.4.1, the first 0 group vanishes and we get an injection
0(
2 0
⋆ ⊗O( 0 )
) −→ 0( 2 0−3 ⋆ ⊗O(( 0 + 1) ))
By assumption on 2 we must have 0 + 1 ≥ 0, this gives the firt part of the estimate.
Let now 0 = 3 0 + 0, 0 ≤ 0 ≤ 2 a positive integer. Then there is a (nonlinear)
discriminant mapping
: 2 0
⋆ ⊗O( 0 ) → ( 0−1)(3 0+2 0) ⋆ ⊗ O(( 0 + 2 0)( 0 − 1) )
In fact, write an element of 2
⋆ in the form
( ) =
∑
0≤ ≤
· ′ 3( − )+
where the is viewed as an element of 3( − )+ ⋆ ⊗ , and ∈ −1 The dis-
criminant ( ) is then calculated by interpreting as a polynomial in the indetermi-
nate .
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Applying this to σ, we obtain 2( 0 − 1) + 0( 0 − 1) ≥ ( 0 − 1)(3 0 + 2 0)×
θ1 ( 0−1)(3 0+2 0) and this implies
≥ 3 0 + 2 0
2 0
θ1 ( 0−1)(3 0+2 0) − 02 0
Using Lemma 1.4.1 again we obtain the remainer part of the estimate.
We now turn to the question of the existence of 2-jet differentials of small degree.
Recall from the filtration of the bundle of 2-jet differentials that we have an exact se-
quence
0 −→ ⋆ −→ 2 ⋆ −→ 2 −3 ⋆ ⊗ → 0
We have the following “proportionality” lemma.
Lemma 1.4.3. Let ( ) be a nonsingular surface of log-general type. Then,
for all sections
∈ 0( 2 ⋆ ⊗ O ( ))
with = 3, 4, 5 and ∈ Q, the section β1 2 − β2 1 associated with β = ( ) can
be considered as a section in
0( 1+ 2−3 ⋆ ⊗O ((1 + 1 + 2) ))
and it vanishes when 1 + 1 + 2 < ( 1 + 2 − 3)θ1 1+ 2−3.
Proof. The section β1 2 − β2 1 is contained in 0( 2 1+ 2−3 ⋆ ⊗
O ((1 + 1 + 2) )), its image by is zero. Then it can be considered as a section
in 0( 1+ 2−3 ⋆ ⊗O ((1 + 1 + 2) )).
Now we have the following application of the proportionality lemma.
Lemma 1.4.4. Let be a generic curve of degree ≥ 7. Then
θ2 ≥ − 12 +
1− (3 + ε)/2
− 3 for = 3, 4, 5,
where ε := mod 2.
Proof. We consider the curve
= { 00 ( − 00 + 11 22 ) + 1 + 2 = 0}
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where 0 1 2 ≥ 0 are integers with
∑
= and a complex number such that
is non singular. We put
0 = 00 ( − 00 + 11 22 ) = = 1 2
Using Nadel’s method [27], we solve the linear system
∑
0≤ ≤2
˜ ∂
∂
=
∂2
∂ ∂
0 ≤ ≤ 2
and get in this way a homogeneous meromorphic connection of degree −1 on C3. One
can check that this connection descends to a partial projective meromorphic connection
∇ = ( ) on P2 such that is totally geodesic (see [14] and [9]), the pole divisor of
the connection ∇ is given by
= { 0 1 2( 1 + 20 + 0 11 22 ) = 0}
Then, this connection can be seen as a meromorphic connection on P2 . In fact, if we
take two tangent vector fields and to , the vector field ∇ is also tangent to
by construction.
Consequently, by taking the Wronskian operator
∇( ) = ′ ∧ ′′∇ ′′ = ∇ ′ ′
we get a section
1 ∈ 0 2 3 ⋆P2 ⊗ O(− P2 )⊗ O( ) = 0 2 3 ⋆P2 ⊗O( 1 P2)
where 1 = (3 + 1 + 2)/( − 3)− 1. Remark that = 3 + 1 + 2 can be taken equal to
any integer in [3 + 3].
We take = [( + 1)/2] (the biggest integer less or equal to ( + 1)/2), so that
1
2
+ 1 =
3 + ε
2( − 3) where ε = mod 2 ε ∈ {0 1}
The integer must be at least equal to 3, thus our choice is permitted if ≥ 7. We
claim that P2 has no non trivial section in
0(P2 2 ⋆P2 ⊗O( P2)) = 2 = 3 4 5
if 1/2 + < ( − 3/2− ε/2)/( − 3). We assume the contrary, so that 2 ∈
0(P2 2 ⋆P2 ⊗O( P2)) 2 6= 0. Then, for 1 = 3, 2 = and 2 = , our choices
imply
1 + 1 + 2 < − 3 ≤ ( 1 + 2 − 3)θ1 1+ 2−3
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as θ1 ≥ 1/( − 3), for all = 3, 4, 5 and ≥ 7 (by 1.4.1). By Lemma 1.4.3, we get
a meromorphic connection with logarithmic pole on associated with a Wronskian
operator 2/β2 = 1/β1. As 1/β1 is an irreducible fraction with divβ1 = , we con-
clude that β2/β1 ∈ 0(P2 −3 ⋆P2 ⊗ O(( 2 − 1) P2 )) must be holomorphic, hence
2 ≥ 1 + ( − 3)θ1 −3 ≥ 1 + ( − 3)− 3
On the other hand
2 = < −12 +
− 3/2− ε/2
− 3 = 1 +
− 3− ε
− 3
which yieldes a contradiction. By the Zariski semicontinuity of cohomology, the group
0(P2 2 ⋆P2 ⊗O( P2))
vanishes for a generic curve of degree ≥ 7, unless
≥ − 1
2
+
1− (3 + ε)/2
− 3
this yields the estimate.
As a corollary we obtain the main result of this first part.
Theorem 1.4.5. Every non algebraically degenerate holomorphic entire map into
the complement of a generic curve of degree ≥ 15 in P2 is a leaf of a multi-foliation
on P2.
Proof. Let be a genenic curve of degree ≥ 15 in P2 If 2 is not as in
Lemma 1.4.2, then we are done (we have two independent sections), so suppose that
2 = ∪ 2 (with the notations of Lemma 1.4.2). If 0 = 3, 4, 5, 6, 7 (we have
clearly 0 ≥ 3) we apply 1.4.4 and 1.4.2 to get the estimate on the 2-jet threshold
θ2 ≥ (3− ε)6( − 3) −
1
6
where ε = mod 2. According to this estimate,
(13 + 12θ2) 21 − 9 2 ≥ ( − 3)(2 − 27− 2ε)− 27
this is positive when ≥ 15 and we can apply Lemma 1.3.2 to obtain the statement.
When 0 ≥ 8 we apply the estimate in Lemma 1.4.2, we obtain θ2 ≥ −1/8 It
is easy to verify that (13 − 3/2) 21 − 9 2 = ( − 3)(2 5 − 34 5)− 27 is positive for
≥ 15 and we can again apply Lemma 1.3.2.
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2. Entire leaves of foliations on log-general type surfaces
In this part we will generalize the main result in [24], we will follow basically the
strategy in [6] with a little improvement due to the “convenience” of the logarithmic
formalism.
2.1. Singularities of foliations on surfaces. Let be a compact complex sur-
face. Recall from [18] that we have a bijective correspondence between a holomorphic
foliation F on the surface with isolated singularities and a locally free subsheaf of
the tangent sheaf of denoted F . In this case we have an exact sequence of sheaves
0 −→ F −→ −→ F −→ 0
where F is called the normal bundle of the foliation and an ideal supported on
the singularity set of F .
The elements of are the points where local vector fields defining F vanish.
Suppose that F is given around a singular point by a vector field , then we note
by λ1 and λ2 the eigenvalues of the linear part of and we make the following
DEFINITION 2.1.1. The singularity is called reduced if the linear part ( )( ) is
nonzero (say λ2 6= 0) and the quotient λ = λ1/λ2 is not a positive rational number.
A reduced singularity at is called nondegenerate if λ1λ2 6= 0 and a saddle-node
otherwise. The importance of those singularities comes from the following well-known
theorem
Theorem 2.1.2 ([31]). There exist a sequence of blow-ups σ : ˜ → such that
the foliation σ⋆F has only reduced singularities.
Now let be a normal crossing divisor on , we say that the foliation F defines
a logarithmic foliation on ( ) if F is tangent to each component of . The sheaf
injection from F → factors to a sheaf injection
0 −→ F → (− log ) −→ F (− ) ′ −→ 0
where ′ is the set of logarithmic singularities of F which is obviously contained in
. The bundle F (− ) will be called the logarithmic normal bundle of F , and de-
noted by F .
To a logarithmic foliation (F ) we associate a (singular) surface ˜ in the 1-jet
logarithmic space 1, called the logarithmic graph of (F ), which consists of the
adherence of the liftings of all leaves or equivalently the blow-up of along the ideal
′ .
When F has only reduced singularities, and if is a nondegenerate singularity in
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′
, then the surface ˜ is smooth around and isomorphic around π−1( ) to the blow
up of at . In the case is a saddle node of multiplicity (i.e., the first terms of
in local coordinates are (∂/∂ ) + (∂/∂ )) then ˜ has a singular point of type
−1 (i.e., it is given in local coordinates by = ).
We finish this section by the following useful natural formula
O
1
|
˜
= π⋆( F )⊗O
(∑
∈ ′
)
where is the multiplicity of and the fibre π−1( ).
2.2. The log-tautological inequality and consequences. Recall from [24] that
to a holomorphic curve : C→ , where is supposed to be endowed with a Ka¨hler
form ω, we can associate a closed positive current in the following way: for every
2-form η and > 0 we define
(η) =
∫
0
∫
( )
⋆η
where ( ) is the disc of radius . Then we consider the positive currents defined
by
(η) := (η)(ω) ∀η ∈
2( )
The family { } >0 is bounded and we can see easily that there is a closed posi-
tive current in its adherence. When (C) is not contained in a hypersurface , we
prove, using the Lelong-Poincare´ formula, that has positive intersection with . As
a consequence, for such an , the current is actually numerically effective.
Remark that this construction is independent from the dimension of . Hence, we
can associate a positive current 1 on 1 to 1, the lifting of . Now if we sup-
pose that −1( ) is finite, we have the following logarithmic tautological inequality
(see [34] and [26])
O
1
(−1) 1 ≥ 0
As a consequence of this inequality we have π⋆ 1 = From now on we will suppose
that there is a logarithmic foliation F on ( ) with reduced singularities such that
is the union of its algebraic leaves and is a Zariski dense entire leaf (in this case
−1( ) is finite). Let ν( ) = [ 1] [ ] where and are defined in the
previous section. We apply the logarithmic tautological inequality to 1 which gives
π⋆( F )⊗O
(∑
∈ ′
)
1 ≥ 0
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As π⋆ 1 = , then we obtain
F ≥ −
∑
∈ ′
ν( )
This last inequality is exactly the refined tautological inequality in [24] because
the intersection of algebraic leaves are not counted in ′ in fact those points are
smooth from the logarithmic point of view. So we have the following
Observation 2.2.1. The logarithmic tautological inequality applied to the triple
( F ) implies the refined tautological inequality.
Now we iterate this construction: ( ) will be replaced by ( ˜ ˜ ), where ˜ is
the union of all algebraic leaves of the induced foliation on ˜ (we replace ˜ by its
desingularization if necessary). The last step is almost the same as in [24] and [6].
Let ( ( ) F ( )) be the foliated surface obtained after iterations of this process and
let π( ) denotes the canonical morphism from ( ) to (0) = . As the singularities
are reduced, we have
F ( ) = (π( ))⋆(F )
Suppose (for simplicity) that we start from ′ = { }, only one point, of multiplicity
. Then, by construction, there are exactly two points 1 and 2 on F ( ) that can
possibly be logarithmic singularities, one necessarily of multiplicity while the other
of multiplicity 1. So the log-tautological inequality gives
F = F ( )
( ) ≥ −ν( ( ) ( )1 )− ν( ( ) ( )2 )
Now we prove that ν( ( ) ( )) tends to zero as tends to infinity, in fact, by
comparing ( ) and , we obtain the inequality
0 ≤ [ ( )]2 ≤ [ ]2 −
−1∑
=0 =1 2
ν( ( ) ( ))
Consequently, we obtain
Theorem 2.2.2 ([24]). Let F a holomorphic foliation (with reduced singularities)
on a compact surface and the current associated to a Zariski dense entire leaf.
Then we have the intersection inequality F ≥ 0
2.3. Positivity of the log-normal bundle on leaves. Recall first the following
result from [6].
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Theorem 2.3.1 ([6]). Let F be a holomorphic foliation (with reduced singulari-
ties) on a compact surface and be an diffuse current (i.e., with zero Lelong num-
bers exept at a finite set of points). Suppose that is F -invariant. Then, we have the
intersection inequality
F (− ) ≥ 0 for all invariant divisor
The proof of the previous theorem consists of an explicit construction of a closed
2-form which represents the Chern class of F (− ). The intersection is computed by
integrating this form along the support of which is a union of leaves. This inte-
gration is concentrated around singularities for which structure and holonomy are well
understood.
Now using this, the generalization of the positivity of the normal bundle on the
current associated with a Zariski dense leaf to the log-case is immediate from the fol-
lowing
Corollary 2.3.2. Let (F ) be a holomorphic log-foliation with reduced singu-
larities and an F -invariant current such that the support of alg is contained in .
Then we have the following intersection inequality for the logarithmic normal bundle
F ≥ 0
Proof. By Theorem 2.3.1, it remains to prove that F alg ≥ 0. We use the
same observation as in [6]: Let be a component of alg, then
F (− ) = + ( F )−
where ( F ) is the total multiplicity of the singularities of F along (cf. [5]
lemme 3). This number is at least equal to the intersection ( − ) , so we obtain
F (− ) ≥ 0. This is true for every component in the support of alg, which con-
cludes the proof.
As a consequence we have the following
Theorem 2.3.3. Let ( ) be a surface of log-general type with a logarithmic
foliation (F ), then an entire leaf of F must be algebraically degenerate.
Proof. By the Seidenberg theorem we can suppose that F has only reduced sin-
gularities. Suppose that F has a Zariski dense entire leaf. Then, by Theorem 2.2.2 and
Corollary 2.3.2, as −1 = F ⊗ F , we obtain
⊗ O( ′) ≤ 0
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where ′ is the union of and the support of alg. Remark that this implies that the
same inequality remains true on the original surface before blowing up the singularities
(this is will be used in Theorem 2.4.2 below). As ⊗ O( ) → ⊗ O( ′) the
latter bundle is big and, hence, has the decomposition O( + ), where is ample and
is effective. But is numerically effective, so we obtain an obvious contradiction.
2.4. Entire leaves on a surface of log general type. In this section we will
generalize the main theorem in [24]. We now need to consider foliations that are not
necessarily logarithmic.
Lemma 2.4.1. Let F be a foliation on a surface with a non-invariant curve
. Suppose that there is a Zariski-dense entire leaf : C → \ ( \ ), where is
a finite set of points. Then there exists a sequence of blow ups σ : ˜ → of points
of (C) such that if we denote by ˜ the strict transform of and ˜ the lifting to ˜
of , the support of an associated current ˜ to ˜ is disjoint from . In particular,
˜ ˜ = 0.
Proof. By the Seidenberg theorem, using a sequence of blow ups ˜ → , we
can reduce the singularities of F in an open neighbourhood of (C) and suppose that
the leaves of the induced foliation ˜F are smooth in a neighbourhood of ˜ the lifting
of . This is done by blowing up points of (C) which are a singular points of the
foliation. We can also suppose that these leaves are transverse to ˜ by blowing up
the tangency points and that ˜ does not inersect ˜ by blowing the intersection points.
Let L be the leaf containing the image of ˜ , then as is Zariski-dense, L intersects
˜ on at most one point (L is parametrized by C or C⋆). Blowing up this point if it
exists, we can suppose that L does not intersect ˜ . We will prove that the topological
closure of L, which we denote by , does not intersect ˜ . Remark that is a union
of leaves. Let a point on ˜ ∪ , so there is a leaf L in passing by . Now L
accumulates on L and this leaf is trasverse to ˜ . As consequence in a neighbourhood
of , the number of intersection points of L with is infinite, a contradiction. Finally,
the support of ˜ is contained in this closure so does not intersect ˜ .
As a consequence of Theorem 2.3.3 and the previous lemma we obtain the fol-
lowing generalization of the main theorem of [24].
Theorem 2.4.2. Let be a surface with a foliation F and a divisor such that
( ) is of log-general type. Then every entire curve : C→ \ ( \ ) contained
in a leaf of F , where is a finite set of points not contained in the singular locus of
, is algebraically degenerate.
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Proof. Suppose that we have a Zariski-dense entire curve contained in a leaf of
F . Let ′ ⊂ be the union of noninvariant components of . By Lemma 2.4.1, there
exists a sequence of blow-ups such that, if we denote ˜ the surface obtained, by ˜
(resp. ˜ ′) the strict transform of (resp. of ′) and by ˜ an associated current to
the lifting of to ˜ , we have ˜ ˜ ′ = 0
Let ˜ be the union of all algebraic leaves of ˜F (the foliation obtained on ˜ ),
then we have
(
˜
+ ˜ ′ + ˜ ) ˜ = (
˜
+ ˜ ) ˜
As ˜F induces a logarithmic foliation on ( ˜ ˜ ), using the proof of Theorem 2.3.3 we
obtain (
˜
+ ˜ ) ˜ ≤ 0 which is equivalent to
(
˜
+ ˜ ′ + ˜ ) ˜ ≤ 0
As ˜ is nef we get a contradiction if we prove that the divisor
˜
+ ˜ ′+ ˜ is big. To
see this, remark that it contains the divisor
˜
+ ˜ which is big because we blown up
just smooth points of . In fact if we denote by π the composition of those blowing-
ups we have
˜
+ ˜ = π⋆( + ).
Actually, we think that the condition on in the previous theorem could be omit-
ted by using a more sophisticated argument. As a consequence of this theorem we ob-
tain the following
Corollary 2.4.3. Let ( ) be a log-surface of log-general type such that its
logarithmic Chern classes verify 21 > 2. Then every entire curve : C →
\ ( \ ), where is a finite set of points not contained in the singular locus of
and such that −1( ) is finite, is algebraically degenerate.
Proof. We apply Riemann-Roch to symmetric powers of , the Euler character-
istic is positive with our condition on Chern classes. Using Serre duality and effective-
ness of + , the 2 term is bounded by the 0 term (as in [23]). As a consequence
we get that O
1
(1) is big, and we apply the tautological inequality to get a contradic-
tion if the lifting of to 1 is not contained in 1 (in the case is empty we can
alternatively apply Theorem 1.1.3). Then we get a foliation F on a (singular) surface
˜ in 1 which is ramified over (the foliation is defined by the intersection of 1
and the tangent space of the irreducible component ˜ of 1 which contains the lifting
of to 1-jets). Let ˜ be the divisor on ˜ over , then ( ˜ ˜ ) is of log-general type
and can be lifted in ˜ \ ˜ as a leaf of the foliation F .
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3. Proof of the Main Theorem
By the results of Theorem 1.4.5, if is a generic plane curve of degree ≥ 15,
then there is a ramified cover ˜ ⊂ 1 over = P2C with a foliation F such that every
entire curve in P2
C
\ is such that [2](C) is contained in ˜ as a leaf of F . Morover,
[2](C) is contained in ˜ \ ˜ where ˜ is the (reduced) divisor in ˜ over .
A log model of ( ˜ ˜ ) is clealy of log-general type. In fact, recall that given
two log-manifolds ( ) and ( ) a holomorphic map ψ : → such that
ψ−1 ⊂ (in the geometric sense) is called a log-morphism. Such a morphism
induces (see [20]) a sheaf morphism
ψ⋆ : ψ⋆
⋆ → ⋆
If ψ is dominating, then this morphism is clearly injective. Thus we have a natural
injection of sheaves ψ⋆ → .
Now, by Theorem 2.4.2 every entire curve in \ has algebraically degenerate
lifting in ˜ \ ˜ and hence itself has its image contained in an algebraic plane curve.
Now every algebraic curve in P2 intersects a very generic curve of degree ≥ 5 in at
least 3 point (see [32]). So is constant and P2
C
\ is hyperbolic and hyperbolically
embedded in P2
C
(see [16]).
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